Abstract. We prove an analogue of the Centralizer Theorem in the context of Artin-Tits groups.
Introduction
To obtain information on a group G, a standard approach consists in considering subgroups and studying how they behave in the group. In particular, one often consider the centralizer Z G (H) of a subgroup H in G, which is defined by Z G (H) = {g ∈ G | gh = hg for all h ∈ H}.
This general approach naturally extends to other contexts. This is the case in the study of noncommutative algebras where subgroups are replaced by subalgebras. Clearly, for an algebra R and a subalgebra H, the centralizer Z G (H) is also a subalgebra. In this framework, the subalgebra Z G (Z G (H)), called the double centralizer of H, has been considered [10, 25] . For instance, a classical result [10] is the socalled Centralizer Theorem, which claims that for a finite dimensional central simple algebra R over a field k and for a simple subalgebra H, one has Z G (Z G (H)) = H. Various generalizations has been obtained leading to applications [26, 6] .
Regarding the result obtained in the algebra framework, and coming back to the group theory framework, one is naturally lead to consider the double-centralizer subgroup Z G (Z G (H)) of a subgroup H in a group G and to address the question of a similar Centralizer Theorem. Let us denote by DZ G (H) the double centralizer of H. Obviously, when the group G has a center Z(G) that is not contained in the subgroup H, the equality DZ G (H) = H can not hold. However, one may wonder whether the subgroup DZ G (H) is generated by Z(G) and H. More precisely, if Z(G) ∩ H is trivial, one may wonder whether DZ G (H) = Z(G) × H. When the center of G is trivial, we recover the property of the Centralizer Theorem namely, DZ G (H) = H.
As far as we know, the first Centralizer Theorem in the group theory framework has been obtained in [12] by considering the braid group on n strands and its standard parabolic subgroups. Our objective here is to address the more general case of an Artin-Tits group G and a standard parabolic subgroup H. Artin-Tits groups are those groups which possess a presentation associated with a Coxeter matrix. For a finite set S, a Coxeter matrix on S is a symmetric matrix (m s,t ) s,t∈S whom entries are either a positive integer or equal to ∞, with m s,t = 1 if and only if s = t. An Artin-Tits group associated with such a matrix is defined by the presentation (1) S | sts . . .
ms,t terms
= tst . . .
; ∀s, t ∈ S, s = t ; m s,t = ∞ .
For instance, If we consider S = {s 1 , . . . , s n } with m si,sj = 3 for |i − j| = 1 and m si,sj = 2 otherwise, we obtain the classical presentation of the braid group B n+1 on n + 1 strings considered in [12] . A standard parabolic subgroup is a subgroup generated by a subset X of S. It turns out that such a subgroup is also an Artin-Tits groups in a natural way (see Proposition 1.1 below). Artin-Tits groups are badly understood and most articles on the subject focus on particular subfamilies of Artin-Tits groups, such as Artin-Tits groups of spherical type, of FC type, of large type, or of 2-dimensional type. Here again, we apply this strategy. We first consider the family of spherical type Artin-Tits groups, whom seminal example are braid groups. We refer to the next sections for definitions. We prove:
Theorem 0. 
(ii) If not, DZ AS (A X ) = A X × Z(A S ).
In the above result we do not consider the case X = S. Indeed, for any group G one has DZ G (G) = G. In the present article, we also consider Artin-Tits groups that are not of spherical type. We conjecture that Conjecture 0.2. Assume A S is an irreducible Artin-Tits group. Let A X be a standard parabolic subgroup of A S generated by a subset X of S. Assume A X is irreducible. Let A T be the smallest standard parabolic subgroup of A S that contains Z AS (A X ).
(i) Assume A X is not of spherical type. Then DZ AS (A X ) = Z AS (A T ).
(ii) Assume A X is of spherical type.
(a) if A T is of spherical type, then,
The centralizer of a standard parabolic subgroup is well-understood in general. In particular, when Conjectures 1,2, 3 of [17] hold, for any given X, one can read on the Coxeter graph Γ S whether or not the above group A T is of spherical type. This is the case for the Artin-Tits groups considered in Theorem 0.3. The conjecture is supported by the following result: The reader may note that in Theorem 0.1 there is no restriction on A X , whereas in Conjecture 0.2 we assume that A X is irreducible. Indeed, We can extend the above conjecture to the case where X not irreducible (see Conjecture 3.2) and prove that this general conjecture holds for the same Artin-Tits groups than those considered in Theorem 0.3. However, the statement is more technical. This is why we postpone it and restrict to the irreducible case in the introduction. The remainder of this article is organized as follows. In Section 2, we introduce the necessary definitions and preliminaries. Section 3 is devoted to Artin-Tits groups of spherical type. Finally, in Section 4, we turn to the not spherical type cases.
Preliminaries
In this section we introduce the useful definitions and results on Artin-Tits groups that we shall need when proving our theorems. For all this section, we consider an Artin-Tits group A S generated by a set S and defined by Presentation (1) given in the introduction.
1.1. Parabolic subgroups. As explained, the subgroups that we consider in the article are the so-called standard parabolic subgroups, that is those subgroups that are generated by a subset of S. One of the main reasons that explains why these subgroups are considered is that they are themselves Artin-Tits groups:
[27] Let X be a subset of S. Consider the Artin-Tits group A X associated with the Coxeter matrix (m st ) s,t∈X . Then (i) the canonical morphism from A X to A S that sends x to x is into. In particular, A X is isomorphic to, and will be identified with, the subgroup of A S generated by X.
We have already defined the notion of a centralizer Z AS (A X ) of a subgroup A X . We recall that we denote the center Z AS (A S ) of A S by Z(A S ). More generally, for a subset X of S, by Z(A X ) we denote the center of the parabolic subgroup A X . Along the way, we will also need the notions of a normalizer of a subgroup and of a quasi-centralizer of a parabolic subgroups. We recall here their definitions. Definition 1.2. Let X be a subset of S and A X be the associated standard parabolic subgroup.
(i) The normalizer of A X in A S , denoted by N AS (A X ), is the subgroup of A S defined by
In the sequel, we will write QZ(A S ) for QZ AS (A S ). There is an obvious sequence of inclusion between these subgroups:
But we can say more: 
This result is one of the key arguments in our proof of Theorems 0.1 and 0.3. Actually, it is conjectured in [13] that this property holds for any Artin-Tits groups.
1.2.
Families of Artin-Tits groups. Our objective now is to introduce the various families of Artin-Tits groups that we considered in the introduction.
1.2.1. Irreducible Artin-Tits groups. First, we say that an Artin-Tits group is irreducible when it is not the direct product of two of its standard parabolic subgroups. Otherwise we say that it is reducible. Associated with the Coxeter matrix (m s,t ) s,t∈S is the Coxeter graph, which is the simple labelled graph with S as vertex set defined as it follows. There is an edge between two distinct vertices s and t when m s,t is not two. The edge has label m s,t when m s,t is not 3. Therefore, the group A S is irreducible if and only if the Coxeter graph Γ S is connected. For instance the braid group on n + 1 strings is irreducible whereas the free abelian group on two generators is not.
Spherical type Artin-Tits groups.
Among Artin-Tits groups, those of spherical type are the most studied and the most understood. From Presentation (1), we obtain the presentation of the associated Coxeter group by adding the relations s 2 = 1 for s in S. The Artin-Tits group is said to be of spherical type when this associated Coxeter group is finite. For instance, braid groups are of spherical type as their associated Coxeter groups are the symmetric groups. Actually there is only a finite list of connected Coxeter graphs whom associated (irreducible) Artin-Tits groups are of spherical type (see [7] , [2] ). 4 4 Figure 1 . Artin-Tits groups of spherical types B(4) and E(6) 1.2.3. FC type Artin-Tits groups. These Artin-Tits groups are built on those of spherical type. An Artin-Tits group is of FC type when all its standard parabolic subgroups whom Coxeter graphs have no edge labelled with ∞ are of spherical type. In particular, all spherical type Artin-Tits groups are of FC type. Alternatively, the family of FC type Artin-Tits groups can be defined as the smallest family of groups that contains spherical type Artin-Tits groups and that is closed under amalgamation above a standard parabolic subgroup. For instance, the Artin-Tits group associated with the following Coxeter graph is of FC type. 4 4 ∞ Figure 2 . A FC type Artin-Tits group Indeed, the Artin-Tits group in Figure 2 is the amalgamation of two spherical type Artin-Tits groups of type B(5) (see [1] ) above a common standard parabolic subgroup, which is of type A(4), that is a braid group B 5 .
2-dimensional type Artin-Tits groups.
An Artin-Tits group is of 2-dimensional type when no standard parabolic subgroup generated by three, or more, generators is of spherical type. These groups has been considered, for instance, in [4, 5, 17 ]. 1.3. Artin-Tits monoids. As explained above, one of the main ingredients in our proof is Theorem 1.3. Another one is the positive monoid of an Artin-Tits monoid that allows to apply Garside theory. Here, we introduce only the results that we will need and refer to [8] for more details on this theory. We recall that we fix an Artin-Tits group A S generated by a set S and defined by Presentation (1). We gather in the following proposition several properties of Artin-Tits monoids that we will need in the sequel. [2, 9] There is a positive element ∆ that belongs to QZ(A S ) so that every element g in A S , can be decomposed as g = a∆ −n with a positive and n ≥ 0. Moreover, ∆ 2 belongs to Z(A S ).
(c) [2, 9] When, moreover, A S is irreducible then QZ(A S ) is an infinite cyclic group generated by ∆. The group Z(A S ) is infinite cyclic generated by ∆ or by ∆ 2 .
The decomposition g = a −1 b in Point (ii)(a) is called the Charney's (left) orthogonal splitting of g. The Charney's right orthogonal splitting g = ab −1 is defined in a similar way.
In the sequel, we denote by τ : S → S the permutation of S defined by ∆s = τ (s)∆ for all s in S. As explained above, τ is either the identity or an involution. In particular, we have also s∆ = ∆τ (s) for all s in S. Moreover, for a, b in A 
Spherical type Artin-Tits groups
In this Section we focus on spherical type Artin-Tits groups and prove Theorem 0.1.
2.1.
Artin-Tits groups of type E(6) and D(2k + 1). In Theorems 0.1 the description of DZ AS (A T ) depends on a technical condition. Here we investigate this condition and characterize irreducible Coxeter graphs for which this condition is satisfied.
Proposition 2.1. Assume A S is an irreducible spherical type Artin-Tits group. Let X be a proper subset of S. Then, ∆ does not belong to Z(A S ) but lies in DZ AS (A X ) if and if :
(a) either Γ S is of type D(2k + 1) and X ⊇ {s 2 , s 2 ′ , s 3 } (see Figure 5 ). (b) or Γ S is of type E 6 and X = {s 2 , . . . , s 6 } (see Figure 6 ). Figure 6 . Γ S of type E 6 and X = {s 2 , . . . , s 6 } When proving Proposition 2.1, we will need the following lemma. 
, respectively. So, they both belong to Z AS (A X ) and, therefore, commute with ∆. Since ∆∆ X = ∆ τ (X) ∆ and ∆∆ Y = ∆ τ (Y ) ∆, we deduce that τ (X) = X and τ (Y ) = Y . Using that Y = X ∪ {s}, we concluded that ∆s = s∆. Thus, ∆ lies in Z AS (A S\X ) and (i) holds. Since τ is not the identity on S, (i) implies (ii). Finally, Let X 1 be an indecomposable component of X.
Proof of Proposition 2.1. Assume the element ∆ does not belong to the center Z(A S ) but lies in DZ AS (A X ). So, assertions (i)(ii) and (iii) in Lemma 2.2 hold. In particular, the permutation τ is not the identity map on S. Using the classification of irreducible Artin-Tits groups [1] and well-known results on ∆ [2, 9], we deduce that the type of Γ S is one of the following types:
By Lemma 2.2(i), the permutation τ fixes each element of S \ X. This imposes that Γ S cannot be of type I 2 (2p + 1), as X is proper in S and ∆ permutes the two elements of S. If Γ S is of type A(k) with k ≥ 2, (so A S is the braid group B k+1 ) then the unique element of S fixed by τ is s k+1
2
. This imposes S \ X = {s k+1 2 }. and ∆ does not fix the two indecomposable components {s 1 , . . . , s k−1 2 } and {s k+3 2 , . . . , s k } of X, a contradiction with Lemma 2.2(iii). So Γ S is not of type A(k). If Γ S is of type D(2k + 1), then τ switches s 2 and s 2 ′ . Therefore, s 2 and s 2 ′ have to lie in X. Moreover, s 2 does not commute with ∆, so it cannot belong to Z AS (A X ). This imposes that s 3 has to belong to X. Hence, {s 2 , s 2 ′ , s 3 } is included in X and we have case (a) of the proposition. Similarly, if Γ S is of type E 6 . The elements s 2 , s 3 , s 5 , s 6 are not fix by τ , so they have to belong to X. Applying Lemma 2.2(iii), we deduce that s 4 has to lie in X too. Since X is not S, it is equal to {s 2 , . . . , s 6 } and we have case (b) of the proposition. Conversely, in case (a) and (b), one can verify that ∆ does not belong to Z(A S ) but lies on DZ AS (A X ) 2.2. Ribbons. The notion of ribbon introduced in [11] for the case of braid groups, and then generalized in [23, 14] , will be crucial to us in order to calculate the doublecentralizer of a parabolic subgroup. Here we recall its definition and gather some properties that we shall need. In particular, we only consider spherical type ArtinTits groups. We refer to above references and to [8] for more details. Given an Artin-Tits presentation (1), let us first introduce two notations: for a subset X of S, we set X ⊥ = {s ∈ S \ X | ∀t ∈ X, m ts = 2} and ∂X = {s ∈ S \ X | ∃t ∈ X, m ts > 2}. (i) Let t belong to S and X be included in S. Denote by X(t) the indecomposable component of X ∪ {t} containing t. If t lies in X, we set d X,t = ∆ X(t) ; otherwise, we set
For instance, considering the example in Figure 7 , d X,s5 = s 2 s 3 s 4 s 5 , d X,t = t for t in X ⊥ and ∆ is a positive X-ribbon-X. The connection between positive ribbons and elementary ones appears in the following result 
The above results are not all explicitly stated in [23, 14] Lemma 2.6. Assume A S is a spherical type Artin-Tits group. Let X S be such that Γ X is connected, and t ∈ ∂X. Then
Proof. By assumption t is not in S, so d X,t = ∆ X ∆
with m = m si,si+1 and v ′ in A + S (see [9, 2] ). This imposes in turn that we can write v i = v i+1 s i+1 and d X,t = v i s i · · · s 0 . Then, we obtain step-by-step that d X,t can be decomposed as v n s n · · · s 0 . Hence s belongs to the support of d X,t for any s in X. So the converse inclusion holds. In the sequel, we say that an element of A + S is a positive ribbon-X when it is a positive Y -ribbon-X, for some Y . Similarly we say that an element is a positive Y -ribbon when it is a positive Y -ribbon-X.
2.3. The proof of Theorem 0.1. In this section we prove Theorem 0.1. The proof need two preliminary results, namely Lemma 2.8 and Proposition 2.9, which is the main argument. The latter is proved here; the proof of the former is postponed to the next section. We have ∆ X s for all s ∈ X and, by Lemma 2.8, we have b s for all s ∈ S \ X. Since, by assumption, b∆ X b, we get that b∆ X s for all s ∈ S. Thus b∆ X ∆ and, therefore, b ∆∆
We show that d = 1. This will prove the proposition. Since ∆X = τ (X)∆, the element ∆ k is a positive τ k (X)-ribbon-X and ∆ k X = τ k (X)∆ k . Therefore by Proposition 2.5,
For the remaining of the proof, for Z ⊆ S, we
X is a positive X k -ribbon-X. For the remaining of the proof, when s lies in X k , we denote by s X the element of X so that
X , and therefore ds = s ′ d. As this so for every element of X k , we deduce that d is a positive ribbon-X k . Let s lie X ⊥ k . For every t in X, we have τ k (t) lies in X k and, therefore, m τ k (t),s = 2. But the involution τ induces an automorphism of the Coxeter graph associated with the presentation of A S . It follows that for every t in X, we have
X , and therefore ds = s ′ d. As this so for every element of X Then, by assumption, we have b∆ 
X . We turn now to the proof of Theorem 0.1.
Proof of Theorem 0.1. Let u lie in DZ AS
) and u belongs to Z AS (Z AX (A X )). Thanks to Theorem 1.3, we can write u = y · z, with yX = Xy and z ∈ A X . Write (see Proposition 1.5) y = ∆ −2m h with h in A + S , and decompose h as h = abc, with a, c ∈ A + X and b being X-reduced-X. Since yX = Xy and ∆ 2 is in Z(A S ), we have hX = Xh and so h∆ X = ∆ X h. Using that h = abc with a, c in A + X and that ∆ 2 X lie in Z(A X ), we deduce that b∆ 
The assumption that ∆ lies in DZ AS (A X ) imposes the inclusion QZ(A S ) · A X ⊆ DZ AS (A X ). Therefore, the latter inclusion is actually an equality. Moreover we have QZ(A S ) · A X = A X · QZ(A S ), since ∆ belongs to QZ AS (A X ) by the above argument.
Assume, Secondly that ∆ / ∈ DZ AS (A X ) or ∆ ∈ Z(A S ). First, the inclu-
X . This, in turn, imposes ∆ n w = w∆ n for every w in Z AS (A X ). In other words ∆ n lies in DZ AS (A X ) too. Since ∆ 2 lies in DZ AS (A X ) but not ∆, we deduce that n has to be even, and conclude by the above argument that
Finally, we note that A X ∩ QZ(A S ) = A X ∩ Z(A S ) = {1}. Indeed, X = S and Supp(∆) = S. Therefore, ∆ m does not belong to A X except if m = 0. Hence, we hace A X · QZ(A S ) = A X × QZ(A S ) and A X · Z(A S ) = A X × Z(A S ).
2.4.
The proof of Lemma 2.8. Here we focus on the proof of Lemma 2.8, that was postponed in the previous section. It is technical and, to help the reader, we decompose in 3 steps, namely Lemma 2.10, Lemma 2.11 and the final argument.
Lemma 2.10. Under the assumptions of Proposition 2.9, if t ∈ ∂X then
Proof. Assume b t. Set Y = X ∪ {t}. Under the assumptions of Proposition 2.9, we have b∆
On the other hand, b is a positive X ′ -ribbon-X for some subset X ′ of S. It follows that X ′ is included in A Y ′ and, therefore, in Y ′ . Now, the sets X ′ and Y ′ have the same cardinality as X and Y , respectively. Then there exists t
We are going to prove that bt = t Note that we showed the above result without using the assumption: b is a positive ribbon-X ⊥ . This hypothesis is then useless for Lemma 2.10. Since U ∪ {u} is indecomposable, there exists u 1 , . . . , u n ∈ U such that u 0 = u, u n = s and m uiui+1 > 2. Up to replacing s by some u i with i < n, we can assume that b has no right-divisor among u 1 , . . . , u n−1 . 2.5. When Γ S is not connected. In Theorem 0.1 we consider irreducible ArtinTits group A S of spherical type. Here we extend the theorem to any spherical type Artin-Tits group A S . Theorem 2.12. Let A S be an Artin-Tits group of spherical type. Denote the indecomposable components of S by S 1 , . . . , S n . Let A X be a standard parabolic subgroup of A S and set X i = X ∩ S i for all i. Set
Finally, set S I = i∈I S i and S J = i∈J S i . Then we have
Proof. For any direct product of groups G = G 1 × · · · × G n and a subgroup H of G we have
A Xi = A X , i∈I QZ(A Si ) = QZ(A SI ) and i∈J QZ(A Si ) = QZ(A SJ ). So the equality holds.
2.6. Application the subgroup conjugacy problem. Given a group G and a subgroup H of G, the subgroup conjugacy problem for H is solved by finding an algorithm that determines whether any two given elements of G are conjugated by an element of H. In this section, we focus on Artin-Tits groups of type B or D and use Theorem 0.1 and [22, Theorem 1.1] to reduce the subgroup conjugacy problem for their irreducible standard parabolic subgroups to an instance of the simultaneous conjugacy problem. We follow the strategy used in [12] to solve the subgroup conjugacy problem for irreducible standard parabolic subgroups of an Artin-Tits group of type A. The simultaneous conjugacy problem is solved for Artin-Tits groups of type A in [20] (see also [21] ), but the result and its proof can be generalized verbatim to all Artin-Tits groups of spherical type, in particular to Artin-Tits groups of type B or type D . Hence, we obtain a solution to the subgroup conjugacy problem for irreducible standard parabolic subgroups of Artin-Tits groups of type B and D. 
Note that in the third set, we can restrict the pair (Y, Y ) to those so that neither ∆ Y nor ∆ Y ′ belong to Z AS (A X ). In the sequel, we denote the obtained generating set by Υ(X).
Example 2.14. Consider S = {s 1 , s 2 , s 3 } with A S of type B 3 as below. Set X = {s 2 }.
We have X ⊥ = ∅ and Z AS (A X ) is generated by Υ(X) = {s 2 , ∆ {s1,s2} , ∆ S , ∆ 
is generated by a set {g 1 , . . . , g n }. Then for x, y ∈ G, the following are equivalent:
is not included in X with the notations of Figure 5 . For any pair (x, y) of elements of A S , the following are equivalents:
Proof. By Theorem 0.1 and Proposition 2.1 we have DZ G (A X )) = Z(A S ) × A X . So we are in position to apply Theorem 2.15.
The non spherical type cases
We turn now to the proof of Theorem 0.3 that is concerned with Artin-Tits groups that are not of spherical type. Our main argument is Proposition 3.1. Indeed, In [17] the second author stated several conjectures, that are proved to hold for Artin-Tits groups of various types. Our proof is based on these conjectures. (i) Let A S be an Artin-Tits group. Assume A S has the property (⊛) stated in [17] , then for any X included in S one has (a) If A X is of spherical type, then for any positive integer k, Proof. (i) Conjecture (⊛) implies that N AS (A X ) = A X · QZ AS (A X ) and that QZ AS (A X ) is the subgroup of A S generated by the set of positive X-ribbons-X (see [17] ). If A X is irreducible and not of spherical type, then the set of elementary positive X-ribbons is equal to X ⊥ . Moreover all the elements of X ⊥ are X-ribbons-X. So QZ AS (A X ) = A X ⊥ and Point (c) holds. Assume A X is of spherical type.
X ) because both A X and QZ AS (A X ) have to fix the center of A X , which contains ∆ 2 . So Point (a) holds. Finally, if there is no Y of spherical type and containing X, then the elementary positive ribbons d X,t are the elements ∆ X(t) with t in X (see Definition 2.3). It follows that QZ AS (A X ) is included in A X and is, therefore, equal to QZ(A X ). Since
In the sequel we first extend Conjecture 0.2 to the context of non irreducible parabolic subgroup (see Conjecture 3.2). Then we prove that Conjecture 3.2 holds for any Artin-Tits which possesses the property (⊛) (see Theorem 3.4). Considering Proposition 3.1 (ii), this will prove Theorem 0.3. Conjecture 3.2. Let A S be an irreducible Artin-Tits group and X be included in S. Let X s be the union of the irreducible components of X that are of spherical type, and X as be the union of the other irreducible components of X. Then,
(ii) Assume A X is of spherical type. Let A T be the smallest standard parabolic subgroup of A S that contains Z AS (A X ).
(a) If T is of spherical type then
(b) If T is not of spherical type then Proof. Consider the notations of Conjecture 0.2. Assume X is irreducible. If X is not of spherical type, then X = X as and X s is empty. By Proposition 3.1, In order to prove Theorem 3.4 We need some preliminary results. In the sequel, we assume A S is an irreducible Artin-Tits group that has the property (⊛) stated in [17] . We fix a standard parabolic subgroup A X with X ⊆ S. By X s we denote the union of the irreducible components of X that are of spherical type. By X as we denote the union of the other irreducible components of X. By definition X s is included in X ⊥ as . We set Υ = {Y ⊆ S | X s ⊆ Y ; and A Y is of spherical type.} Let A T be the smallest standard parabolic subgroup of A S that contains Z AS (A Xs ). 
